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L2-hard Lefschetz complete symplectic manifolds
Teng Huang and Qiang Tan
Abstract
For a complete symplectic manifoldM2n, we define the L2-hard Lefschetz property onM2n. We
also prove that the complete symplectic manifoldM2n satisfies L2-hard Lefschetz property if and only
if every class of L2-harmonic forms contains a L2 symplectic harmonic form. As an application, we
get ifM2n is a closed symplectic parabolic manifold which satisfies the hard Lefschetz property, then
its Euler characteristic satisfies the inequality (−1)nχ(M2n) ≥ 0.
Keywords. L2-hard Lefschetz property, symplectic parabolic manifold, Euler characteristic
1 Introduction
Let (M,ω) be a 2n-dimensional symplectic manifold. A smooth form α on M is called symplectically
harmonic if dα = dΛa = 0. Symplectic Hodge theory was introduced introduced by Brylinski [4]. Further
he conjectured that on a compact symplectic manifold, every de Rham cohomology class contains a
harmonic representative. Some evidence for his conjecture was presented in his paper [4] and he proved
the conjecture for closed Ka¨hler manifolds. Brylinski’s conjecture is equivalent to the question of the
existence of a Hodge decomposition in the symplectic sense. However, a symplectic version of the above
result does not hold in general. Mathieu gave two ways to give counter examples to Brylinskis conjecture.
Mathieu [22] proved that any de Rham cohomology class has a (not necessarily unique) symplectically
harmonic representative if and only if (M,ω) satisfies the hard Lefschetz property, i.e., the map
Ln−k : HkdR(M)→ H
2n−k
dR (M) (1.1)
given by Ln−k[α] = [α ∧ ωn−k] is onto for all k ≤ n − 1. His proof involves the representation theory
of quivers and Lie superalgebras. In fact, Mathieu’s theorem is a generalization of the Hard Lefschetz
Theorem for compact Ka¨hler manifolds. Yan in [27] given a simpler, more direct, proof of this fact, it
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follows the idea of the standard proof of the Hard Lefschetz Theorem (see [14]). In [13], the authors
dealt with the symplectic manifolds satisfying a weak property following [12], they said that (M,ω) is an
s-Lefschetz symplectic manifold, 0 < s < n − 1, if (1.1) is an epimorphism for all k < s. In [25], they
discussed the hard Lefschetz condition on various cohomology groups and verify them for the Nakamura
manifold of completely solvable type and the Kodaira-Thurston manifold. In [17], the author studied the
L2 cohomology of complete almost Ka¨hler manifold. They proved that the reduced L2 cohomology group
of degree 2 decomposes as direct sum of the closure of the invariant and anti-invariant L2-cohomology.
We denote by
Hk(2);hr(M,ω) = {α ∈ Ω
k
(2)(M) : dα = d
Λα = 0}
the space of the L2 symplectic harmonic k-forms. Let us denote by H˜k(2),hr(M,ω) the space of L
2-
harmonic cohomology in degree k, that is,the subspace of the L2-harmonic forms Hk(2)(M) ≃ H
k
(2)(M)
consisting of all classes which contain at least one L2 symplectic harmonic k-form. Here Hk(2)(M) is the
L2-coholomogy group of degree k. We call that a symplectic manifold (M,ω) of dimension 2n is said to
satisfy the L2-hard Lefschetz property, if the map
Ln−k : Hk(2)(M)→ H
2n−k
(2) (M)
is an onto for all k ≤ n− 1.
Let (M,ω) be a closed symplectic manifold. Choose a ω-compatible almost complex structure J on
M . Define an almost Ka¨hler metric, g(·, ·) = ω(·, J ·), on M . Then the triple (g, J, ω) is called an almost
Ka¨hler structure onM and the quadruple (M, g, J, ω) is called a closed almost Ka¨hler manifold. Following
the idea in [27], we prove the following result.
Theorem 1.1. Let (M, g, J, ω) be a 2n-dimensional complete non-compact almost Ka¨hler manifold. Then
the following statements are equivalent:
(1) Any class of L2-harmonic forms contains a L2 symplectic -harmonic form,
(2) For any k ≤ n, the cup product Lk : Hn−k(2) (M)→ H
n+k
(2) (M) is surjective.
A closed symplectic manifold (M,ω) is said to satisfy the ddΛ-Lemma if every d-exact, dΛ-closed
form is ddΛ-exact. In fact, it turns out that (M,ω) satisfies the ddΛ-lemma if and only if the hard Lef-
schetz condition holds on (M,ω). In [24], the authors defined the L2-ddΛ lemma on complete symplectic
manifold. They also proved that the L2-ddΛ lemma holds on a universal covering space of a close sym-
plectic manifold which satisfies the hard Lefschetz property. Combining with theorem 1.1, we have a
result as follows.
Theorem 1.2. Let (M, g, J, ω) be a 2n-dimensional closed almost Ka¨hler manifold. We denote by pi :
(M˜, g˜, J˜, ω˜) → (M, g, J, ω) the universal covering map. If (M, g, J, ω) satisfies the hard Lefschetz prop-
erty, then (M˜, g˜, J˜ , ω˜) satisfies the L2-hard Lefschetz property.
Remark 1.3. The covering space (M˜, g˜, J˜ , ω˜) satisfies the L2-hard Lefschetz property if only if Ln−k :
Hk(2)(M)→ H
2n−k
(2) (M) is surjective for all k ≤ n. In a complete non-compact case we actually have that
Ln−k are isomorphisms because of Poincare´ duality.
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The last results of this article related to a well-know problem, attributed to Hopf, to the effect that
the Euler number χ(M2n) of a compact Riemannian manifold M2n of negative section curvature must
satisfy the inequality (−1)nχ(M2n) > 0. This conjecture is true in dimensions 2 and 4 [5] and it has
been verified in the Ka¨hler case for all n by Gromov [15]. Dodziuk [11] and Singer have proposed to
settle the Hopf conjecture using the Atiyah index theorem for coverings (see [2]). In this approach, one
is required to prove a vanishing theorem for L2 harmonic k-forms, k 6= n, on the universal covering
of M2n. The vanishing of these L2 Betti numbers implies that (−1)nχ(M2n) ≥ 0. The strict inequality
(−1)nχ(M2n) > 0 follows provided one can establish the existence of nontrivial L2 harmonic n-forms
on the universal cover.
The program outlined above was carried out by Gromov [15] when the manifold in question is Ka¨hler
and is homotopy equivalent to a compact manifold with strictly negative sectional curvatures. Gromov
[15] points out that if the Riemannian manifold (M, g) is a complete simply-connected manifold and
it has strictly negative sectional curvatures, then every smooth bounded closed form of degree k ≥ 2
is d(bounded). Therefore, Gromov introduced the notion of Ka¨hler hyperbolicity, i.e., the Ka¨hler metric
whose Ka¨hler form ω is d˜(bounded). Then he proved the Hopf conjecture in the Ka¨hler case. In order
to attack Hopf Conjecture in the Ka¨hlerian case when K ≤ 0 by extending Gromovs idea, Cao-Xavier
[6] and Jost-Zuo [21] independently introduced the concept of Ka¨hler non-ellipticity, which includes
nonpositively curved compact Ka¨hler manifolds, and showed that their Euler characteristics have the
desired property. In [19], the author proved the Hopf conjecture in some locally conformally Ka¨hler
manifolds case.
For symplectic case, inspired by Ka¨hler geometry, Tan-Wang-Zhou [24] gave the definition of sym-
plectic parabolic manifold.
Definition 1.4. A closed almost Ka¨hler manifold (M, g, J, ω) is called symplectic parabolic if the lift ω˜
of ω to the universal covering (M˜, g˜, J˜ , ω˜)→ (M, g, J, ω) is d(sublinear) on (M˜, g˜, J˜ , ω˜).
The authors want to consider Hopf conjecture on a closed symplectic parabolic manifold [24]. One
of the powerful tools for Gromov achieving Hopf conjecture on a Ka¨hler manifold is that the Lefschetz
operator L commutes with the Hodge Laplacian operator ∆ = dd∗ + d∗d. But in general, the Lefschetz
operatorL does not commute with∆ on symplectic manifold. By considering Tseng-Yaus new symplectic
cohomologies on symplectic parabolic manifold, they got some interesting results [26]. At last, with
the hard Lefschetz property which ensures that de Rham cohomology consists with the new symplectic
cohomology, they obtained the result as follows.
Theorem 1.5. ([24, Theorem 1.5]) If (M,ω) is a 2n-dimensional closed symplectic parabolic manifold
which satisfies the hard Lefschetz property, then the Euler number satisfies (−1)nχ(M2n) ≥ 0.
In this article, we use an other way to prove Theorem 1.5. By the Lemma 3 in [6], we can also get:
Let M be a closed 2n-Riemannian manifold of non-positive sectional curvature. If M2n is homotopy
equivalent with a closed symplectic manifold which satisfies the hard Lefschetz property, then the Euler
number ofM satisfies the inequality (−1)nχ(M2n) ≥ 0, see Theorem 4.11.
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2 L2-cohomology
We recall some basic on L2 harmonic forms [7, 8]. Let M be a smooth manifold of dimension n, let
Ωk(M) and Ωk0(M) denote the smooth k-forms on M and the smooth k-forms with compact support on
M , respectively. We assume now that M is endowed with a Riemannian metric g. Let 〈, 〉 denote the
pointwise inner product on Ωk(M) given by g. The global inner product is defined
(α, β) =
∫
M
〈α, β〉dVolg.
We also write |α|2 = 〈α, α〉, ‖α‖2 =
∫
M
|α|2dV olg, and let
Ωk(2)(M) = {α ∈ Ω
k(M) : ‖α‖2 <∞}.
The operator of exterior differentiation is d : Ωk0(M) → Ω
k+1
0 (M), and it satisfies d
2 = 0; its formal
adjoint is d∗ : Ωk+10 (M)→ Ω
k
0(M); we have
∀α ∈ Ωk0(M), ∀β ∈ Ω
k+1
0 (M),
∫
M
〈dα, β〉 =
∫
M
〈α, d∗β〉.
The space Zk2 (M) is defined as follows [8, Section 2]: Z
k
2 (M) is the kernel of the operator d acting on
Ωk(2)(M). That is to say
Zk2 (M) = {α ∈ Ω
k
(2)(M) : dα = 0},
where the equation dα = 0 has to be understood in the distribution sense, i.e., α ∈ Zk2 (M) if only if
∀β ∈ Ωk0(M), (α, d
∗β) = 0.
Hence we have
Zk2 (M) =
(
d∗(Ωk+10 (M))
)⊥
.
We can also define
Hk(2)(M) = (d
∗(Ωk+10 (M))
⊥ ∩ (d(Ωk−10 (M)))
⊥
= Zk2 (M) ∩ {α ∈ Ω
k
(2)(M) : d
∗α = 0}
= {α ∈ Ωk(2)(M) : dα = d
∗α = 0}.
Because the operator d+d∗ is elliptic, we have by elliptic regularity:Hk(2)(M) ⊂ Ω
k(M). We also remark
that by the definition we have
∀α ∈ Ωk−10 (M), ∀β ∈ Ω
k+1
0 (M),
∫
M
〈dα, d∗β〉 =
∫
M
〈ddα, β〉 = 0.
Hence
(d(Ωk−10 (M)))
⊥ ⊥ (d∗(Ωk+10 (M))
⊥
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and we get the Hodge-de Rham-Kodaira orthogonal decomposition of Ωk(2)(M)
Ωk(2)(M) = H
k
(2)(M)⊕ d(Ω
k−1
0 (M))⊕ d
∗(Ωk+10 (M)),
where the closure is taken with respect to the L2 topology.
We also define the domain of d by
Dk(d) = {α ∈ Ωk(2)(M) : dα ∈ L
2}
that is to say α ∈ Dk(d) if only if there is a positive constant C such that
∀β ∈ Ωk0(M), |(α, d
∗β)| ≤ C‖β‖.
We remark that we always have dDk−1(d) ⊂ Zk2 (M). We define the k-space of reduced L
2-cohomology
by
Hk(2)(M) = Z
k
2/dD
k−1(d).
The k-space of non reduced L2-cohomlogy is defined by
nrHk(2)(M) = Z
k
2 /dD
k−1(d).
We recall a result in [7, Lemma 1.5] as follows:
dDk(d) = Ωk0(M).
Therefore, the space of harmonic L2-forms computes the reduced L2-cohomology:
Hk(2)(M) ≃ H
k
(2)(M).
From now on, we will refer to reduced L2-cohomology as L2-cohomology, except where it may cause
ambiguity.
3 L2-hard Lefschetz property
Through out this section, (M,ω) is a complete symplectic manifold. We denote by Ωk(M) the space of
smooth k-forms onM . Let
L : Ωk(M)→ Ωk+2(M)
denote the Lefschetz operator and
Λ : Ωk(M)→ Ωk−2(M)
denote the dual Lefschetz operator. We also define a second differential operator
dΛ := dΛ− Λd.
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Noting that dΛ : Ωk(M)→ Ωk−1(M), decreasing the degree of forms by 1 [26].
We denote by X(M) the space of vector filed onM . If the almost complex structure J onM satisfies
the conditions ω(X, JX) > 0, ∀X ∈ X(M)−{0} and ω(JX, JY ) = ω(X, Y ), ∀X, Y ∈ X(M), then the
almost complex structure J is said to be compatible with the symplectic form ω. There is a well-defined
Hermitian metric g(X, Y ) = ω(X, JY ) given by above two conditions. We can use the Hermitian metric
g to define a Hodge star operator ∗. Therefore, the dual Lefschetz operator Λ is then just the adjoint of L,
i.e, Λ = L∗ = (−1)k ∗ L∗ [26].
A form α is called symplectic harmonic if it satisfies dα = dΛa = 0. Brylinski conjectured that on a
closed symplectic manifold, every de Rham cohomology class contains a symplectic harmonic representa-
tive. Several years later, his conjecture for closed symplectic manifolds was disproved by Oliver Mathieu
[22]. In fact, Mathieu proved that every de Rham cohomology H∗dR(M) class contains a symplectic har-
monic form if and only if the symplectic manifold satisfies the hard Lefschetz property.
Proposition 3.1. ([22, Proposition 7] and [27]) Let (M2n, ω) be a 2n-dimensional symplectic manifold
(not necessarily compact). Then the following two assertions are equivalent:
(1) Any cohomology class contains a harmonic cocycle;
(2) For any k ≤ n, the cup product Lk : Hn−kdR (M ;R)→ H
n+k
dR (M ;R) is surjective.
We denote by Hk(2);hr(M,ω) = {α ∈ Ω
k
(2)(M) : dα = d
Λα = 0} the space of the L2 symplectic
harmonic k-forms. We call that a symplectic manifold (M,ω) of dimension 2n is said to be L2-hard
Lefschetz property, if the map Ln−k : Hk(2)(M)→ H
2n−k
(2) (M) is an onto for all k ≤ (n− 1).
Definition 3.2. A differential k-form Bk with k ≤ n is called primitive, i.e., Bk ∈ P
k(M), if it satisfies
the two equivalent conditions: (i) ΛBk = 0; (ii) L
n−k+1Bk = 0.
Noting that dΛBk = [d,Λ]Bk = −ΛdBk for any Bk ∈ P
k(M), we then have
Lemma 3.3. Any closed L2-primitive form is L2 symplectic harmonic.
Given any k-form, there is a unique Lefschetz decomposition into primitive forms [26]. Explicitly, we
shall write
Ak =
∑
r≥max(k−n,0)
1
r!
LrBk−2r, (3.1)
where each Bk−2r can be written in terms of Ak as
Bk−2r = Φ(k,k−2r)(L,Λ)Ak ≡ (
∑
s=0
ar,s
1
s
!LsΛr+s)Ak, (3.2)
where the operator Φ(k,k−2r)(L,Λ) is a linear combination of L and Λ with the rational coefficients ar,s’s
dependent only on (d, k, r). Consider now the action of the differential operators on a k-form written in
Lefschetz decomposed form of 3.1, see [26] Section 2.2. We have
dAk =
∑ 1
r!
dBk−2r, d
ΛAk =
∑ 1
r!
Lr(dBk−2r−2 + d
ΛBk−2r), (3.3)
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where Bk ∈ P
k(M). The first is simply due to the fact that d commute with L. The second follows from
commuting dΛ through Lr and repeatedly applying the relation that [dΛ, L] = d.
Proposition 3.4. ([26, Proposition 2.6]) Let Ak ∈ Ω
k(M) and Bk−2r ∈ P
∗(M) be its Lefschetz decom-
posed primitive forms. Then dAk = d
ΛAk = 0 if and only if dBk−2r = 0, for all r.
Proof. Starting with (3.2), we apply the exterior derivative d to it. Commuting d through Φ(k,k−2r)(L,Λ),
the d- and dΛ-closedness of Ak immediately implies dBk−2r = 0. Assume now dBk−2r = 0, for all Bk−2r.
Note that this trivially also implies dΛBk−2r = −ΛdBk−2r = 0. With the Equations in (3.3), we therefore
find dAk = d
ΛAk = 0.
By the Proposition 3.4, we prove the duality on L2 symplectic harmonic forms.
Lemma 3.5. Let (M, g, J, ω) be a 2n-dimensional complete non-compact almost Ka¨hler manifold. Then
the map
Ln−k : Hk(2),hr(M,ω)→ H
2n−k
(2),hr(M,ω)
is an isomorphism for k ≥ 0.
Proof. Since ω is bounded in M , the map Ln−k : Ωk(2)(M) → Ω
2n−k
(2) (M) is well define. First, by the
Jocobi identity, we observe that
[dΛ, Li] = [[d,Λ], Li] = [[Λ, Li], d] = i(n + 1− k − i)[Li−1, d],
here we use the identity (see [20] Corollary 1.2.28), for any k-form onM ,
[Li,Λ](·) = i(k − n+ i− 1)Li−1(·).
Therefore, we have
d(Lkα) = 0, dΛ(Lkα) = 0, ∀α ∈ Hk(2),hr(M,ω).
Suppose that A2n−k =
∑
r≥n−k
1
r!
LrBk−2r satisfies dA2n−k = d
ΛA2n−k = 0, following Proposition 2.6, it
implies that dBk−2r = 0. Note that d
ΛBk−2r = −ΛdBk−2r = 0. Therefore, we have dL
iBk−2r = 0 and
dΛLiBk−2r = 0. Hence Ak :=
∑
r≥n−k
1
r!
Lr−n+kBk−2r is in H
k
(2),hr(M,ω) and A2n−k = L
n−kAk. This
proves that the homomorphism is surjective. The homomorphism is also injective, since the map Ln−k is
injective.
Before going on to the study of the L2-hard Lefschetz property, we need to recall the splitting of the
cohomology groups in terms of the primitive classes proved by Yan [27] for hard Lefschetz symplectic
manifolds.
Lemma 3.6. Let (M, g, J, ω) be a 2n-dimensional complete non-compact almost Ka¨hler manifold. If M
has L2-hard Lefschetz property, then there is a splitting
Hk(2) = P
k
(2) ⊕ L(H
k−2
(2) (M))
where P k(2)(M) is given by P
k
(2)(M) = {v ∈ H
k
(2)(M) : L
n−k+1v = 0}, for all k ≤ n.
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Proof. First, let us see that P k(2)(M) ∩ ImL = 0. Take α ∈ P
k
(2)(M) with α = Lβ, β ∈ H
k−2
(2) (M). Then
Ln−k+2β = Ln−k+1α = 0. Since the map Ln−k+1 : Ωk−2 → Ω2n−k+2 is bijective for k − 2 ≤ n, β = 0
and hence α = 0.
Now let us consider α ∈ Hk(2)(M) with k ≤ n, and take the element L
n−k+1α ∈ H2n−k+2(2) (M). If
Ln−k+1α is the zero class, then α ∈ P k(2)(M), and the lemma is proved. If L
n−k+1α is non-zero, then
there exists β ∈ Hk−2(2) (M) such that L
n−k+1α = Ln−k+2β since (M,ω) is L2-hard Lefschetz and so map
Ln−k+2 : Hk−2(2) (M)→ H
2n−k+2
(2) is an isomorphism. Hence α−Lβ ∈ P
k
(2)(M). But α = (α−Lβ) +Lβ,
which lies in P k(2)(M)⊕ ImL.
Proof of Theorem 1.1. (1)⇒ (2). Consider the following commutative diagram,
Hn−k(2),hr(M)
Lk
//

Hn+k(2),hr(M)

Hn−k(2) (M)
Lk
// Hn+k(2) (M)
where the two vertical arrows are surjective. It follows from Lemma 3.5 that the second horizontal arrow
is also surjective.
(2) ⇒ (1). Now we assume that Lk : Hn−k(2) (M) → H
n+k
(2) (M) is surjective for all k ≤ n. Following
Lemma 3.6, it implies that at Hn−k(2) (M) = ImL+ P
n−k
(2) .
The rest of the proof is an induction on the degree of cohomology classes onM . It is easy to see that
any L2-harmonic form α of degree ≤ 1 must be L2 symplectic harmonic form, since
dΛα = −Λ(dα) = 0.
We suppose that when r < n − k, any class β ∈ Hr(2)(M) contains a L
2 symplectic harmonic form. We
need to show that any class in Hn−k(2) (M) also contains a symplectic L
2-harmonic form. By induction, we
already know that any class in ImL contains a L2 symplectic harmonic form. So it sufficies to show that
any cohomology class v ∈ Pn−k contains a symplectic L
2-harmonic.
Let v = [z], z ∈ Ωn−k(2) (M) is a closed form. Since [v ∧ ω
k+1] = 0 in Hn+k+2(2) (M), there is a sequence
(n+ k + 1)-forms {γi} ∈ Ω
n+k+1
(2) (M) such that
z ∧ ωk+1 = lim dγi.
Since Lk+1 : Ωn−k−1(2) (M)→ Ω
n+k+1
(2) (M) is onto, we can pick θi ∈ Ω
n−k−1
(2) (M) such that
γi = θi ∧ ω
k+1.
Then (z − lim dθi) ∧ ω
k+1 = 0. Thus, if we write u for z − lim dθi, then [u] = [z] = v and L
k+1u = 0.
Hence u is primitive and closed. According to Lemma 3.3, u is also symplitically harmonic.
Following the proof of Theorem 1.1, we have
Corollary 3.7. Let (M, g, J, ω) be a 2n-dimensional complete non-compact almost Ka¨hler manifold and
k = 0, 1, 2. Then any classes inHk(2)(M) contains a L
2 symplectic harmonic form.
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A closed symplectic manifold (M,ω) is said to satisfy the ddΛ-Lemma if every d-exact, dΛ-closed
form is ddΛ-exact. In fact, it turns out that the following conditions are equivalent on a closed symplectic
manifold (M,ω) [1, 16, 22, 27]:
(1) (M,ω) satisfies the ddΛ-Lemma;
(2) every de Rham cohomology class admits a representative being both d-closed and dΛ-closed;
(3) the hard Lefschetz condition holds on (M,ω).
In [24], they defined the L2-ddΛ Lemma on a complete non-compact almost Ka¨hler manifold.
Definition 3.8. ([24, Definition 3.3]) Let (M, g, J, ω) be a complete non-compact almost Ka¨hler manifold
with bounded geometry. Let α ∈ Ωk(2) be a d- and d
Λ-closed differential form. We say that the L2-ddΛ
Lemma holds if the following properties are equivalent:
(i) α = dβ, β ∈ L21Ω
k−1;
(ii) α = dΛγ, γ ∈ L21Ω
k+1;
(iii) α = ddΛθ, θ ∈ L22Ω
k.
In [24], they prove that the L2-ddΛ lemma holds on universal covering space of a closed symplectic
manifold which satisfies the hard Lefschetz property.
Proposition 3.9. ([24, Proposition 3.4]) Let (M, g, J, ω) be a 2n-dimensional closed almost Ka¨hler man-
ifold. We denote by pi : (M˜, g˜, J˜ , ω˜) → (M, g, J, ω) the universal covering map. If (M, g, J, ω) satisfies
the hard Lefschetz property, then L2-ddΛ Lemma holds on (M˜, g˜, J˜ , ω˜).
Using the useful Proposition 3.9, we could prove that the any class of L2-harmonic forms on the
universal covering space (M˜, g˜, J˜ , ω˜) contains a L2 symplectic harmonic form, see Proposition 3.11.
Before our proof, we construct some estimates on L2-harmonic forms.
Lemma 3.10. If α is a L2-harmonic p-form on a complete Riemannian manifold (M, g) with bounded
geometry, then∇kα ∈ L2 for all k ∈ N.
Proof. Following the Weitzenbo¨ck formula for the harmonic p-form α, we have
∇∗∇α + {Riem, α} = 0, (3.4)
Here Riem denotes the Riemann curvature tensor of (M, g). Assume now that the sequence of cutoff
functions, {fi}
∞
i=1, is C
1 bounded for all i, i.e., there exists a positive constant C such that |∇fi| ≤ C.
Then have
0 = (∇∗∇α + {Riem, α}, f 2i α)
= ‖∇(fiα)|
2 − ‖(∇fi)α‖
2 + ({Riem, α}, f 2i α).
(3.5)
Since Riem is bounded, taking i→∞, we obtain∇α ∈ L2. Differentiating equation (3.4), we obtain
0 = ∇∗∇∇α− [∇,∇∗]∇α + {∇Riem, α}+ {Riem,∇α} (3.6)
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The quantity [∇,∇∗]∇α is a sum of terms involving at most one derivative of ∇α and Riemannian cur-
vature tensor. Hence taking the L2-inner product of (3.6) with∇α and integrating by parts, we obtain
‖∇2α‖2 ≤ c1‖∇α‖
2 + c2‖α‖
2.
Here c1, c2 are two bounded constants because∇Riem and Riem are bounded. We now induct. Suppose
that∇bα ∈ L2, for b ≤ k. Differentiating (3.4) k times, gives
∇k(∇∗∇α+ {Riem, α}) = 0.
Nothing that
∇k∇∗(∇α) = ∇k−1[∇,∇∗]∇α+∇k−1∇∗∇2α
= ∇k−1[∇,∇∗]∇α+∇k−2[∇,∇∗]∇2α +∇k−2∇∗∇3α
= · · ·
=
k∑
i=1
∇k−i[∇,∇∗]∇iα +∇∗∇k+1α.
The quantity ∇k−i[∇,∇∗]∇α = ∇k−i(Riem ⊗ ∇α) is a sum of terms involving at most ∇jα, j =
1, · · · , k − i+ 1 and ∇lRiem, l = 0, · · · , k − i. Then we have
0 = (∇k(∇∗∇α + {Riem, α}), f 2i ∇
kα)
≥ (∇∗∇k+1α, f 2i ∇
kα)−
∑
0≤j≤k
Cj‖∇
jα‖2,
≥ ‖∇(fi∇
kα)‖2 − ‖dfi ⊗∇
kα‖2 −
∑
0≤j≤k
Cj‖∇
jα‖2,
for some constants Cj determined by the sup norms of |∇
bRiem|, b ≤ k. Taking the limit as i→∞ gives
∇k+1α ∈ L2.
Proposition 3.11. Let (M, g, J, ω) be a 2n-dimensional closed almost Ka¨hler manifold. We denote by
pi : (M˜, g˜, J˜ , ω˜) → (M, g, J, ω) the universal covering map. If (M, g, J, ω) satisfies the hard Lefschetz
property, then for any k ≤ n, Hk(2),hr(M˜)→ H
k
(2)(M˜) is surjective.
Proof. Let α be aL2-harmonic k-form. Notice that (M˜, g˜, J˜ , ω˜) is a complete, non-compact almost Ka¨hler
manifold with bounded geometry. Then we can obtain that α is smooth and ‖α‖L2
k
(M˜ ) <∞ for all k ∈ N.
(1) If dΛα = 0, then α is a L2 symplectic harmonic form.
(2) If dΛα 6= 0, then dΛα ∈ L2 since |dΛα| ≤ c|∇α| and ∇α ∈ L2. We observe that d(dΛα) = 0 and
dΛ(dΛα) = 0, following Proposition 3.9, we can find γ ∈ L22(M˜) such that d
Λα = ddΛγ = 0. Hence
dΛ(α+ dγ) = 0 and d(α+ dγ) = 0. It follows that α+ dγ is a L2 symplectic harmonic form. This proves
that the map is surjective.
Proof of Theorem 1.2. The conclusions follow from Theorem 1.1 and Proposition 3.11.
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4 Symplectic parabolic manifolds
4.1 L2-Hodge number
We assume throughout this subsection that (M, g, J) is a compact complex n-dimensional manifold with
a Hermitian metric g, and pi : (M˜, g˜, J˜) → (M, g, J) its universal covering with Γ as an isometric group
of deck transformations. Let Hk(2)(M˜) be the spaces of L
2-harmonic k-forms on Ωk(2)(M˜), the squared
integrable k-forms on (M˜, g˜), and denote by dimΓH
k
(2)(M˜) the Von Neumann dimension of H
k
(2)(M˜)
with respect to Γ [2, 23]. Its precise definition is not important in our article but only the following two
basic facts are needed, see [15, 23].
(1) dimΓH
k
(2)(M) = 0⇔H
k
(2)(M) = {0},
(2) dimΓH is additive. Given
0→ H1 →H2 → H3 → 0,
one have
dimΓH2 = dimΓH1 + dimΓH3.
We denote by hk(2)(M˜) the L
2-Hodge numbers ofM , which are defined to be
hk(2)(M) := dimΓH
k
(2)(M˜), (0 ≤ k ≤ n).
It turns out that hk(2)(M) are independent of the Hermitian metric g and depend only on (M,J). By the
L2-index theorem of Atiyah [2], we have the following crucial identities between χ(M) and theL2-Hodge
numbers hk(2)(M):
χ(M) =
n∑
k=0
(−1)khk(2)(M).
Remark 4.1. L2-Betti number are not homotopy invariants for complete non-compact manifolds. But
Dodziuk [10] proves that the class of the representation of Γ on the space of L2-harmonic forms is a
homotopy invariant of M . In particular the Γ-dimension (in the sense of Von Neumann) of the space of
L2-harmonic forms does not depend on the chosen Γ-invariant metric.
4.2 d(sublinear) form
Let (M, g) be a Riemannian manifold. A differential form α is called d(bounded) if there exists a form β
onM such that α = dβ and
‖β‖L∞(M,g) = sup
x∈M
|β(x)|g <∞.
It is obvious that ifM is compact, then every exact form is d(bounded). However, whenM is not compact,
there exist smooth differential forms which are exact but not d(bounded). For instance, on Rn, α =
dx1 ∧ · · · ∧ dxn is exact, but it is not d(bounded). Lets recall some concepts introduced in [6, 21].
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Definition 4.2. A differential form α on a complete non-compact Riemannian manifold (M, g) is called
d(sublinear) if there exist a differential form β and a number c > 0 such that dβ = α and
|β(x)|g ≤ c(1 + ρg(x, x0)),
where ρg(x, x0) stands for the Riemannian distance between x and a base point x0 with respect to g.
We recall the following classical fact pointed proved in [6] and for the readers convenience, we include
a simple proof here (see also [9] Lemma 3.2):
Theorem 4.3. Let M be a complete simply-connected manifold of non-positive sectional curvature and
α a bounded closed k-form onM , k ≥ 1. Then α is d(sublinear).
Proof. Fix x0 ∈M and denote by expx0 : Tx0M →M the exponential map. Let φt : M →M , t ∈ [0, 1],
be a family of maps defined by φt(x) = expx0(t ◦ exp
−1
x0
(x)), x ∈ M . We denote the distance function
from x0 by ρ, then
Xt|φt(x) = (
d
dt
φt)|φt(x) = ρ(x)∇ρ|φt(x).
It is clear that φ1 = id and φ0 ≡ x0. Then
α =
∫ 1
0
(
d
dt
φ∗tα)(x)dt =
∫ 1
0
φ∗t (LXtα)(x)dt = d(
∫ 1
0
φ∗t (iXtα)),
where we have use the Cartan’s formula L = [d, i ]. If we set
β =
∫ 1
0
φ∗t (iXtα)dt,
then α = dβ. We show β has d(sublinear) L∞-norm. Fix x ∈ M , v1, · · · , vk−1 ∈ TxM , |vi| = 1,
〈vi,∇ρ〉 = 0, we have
|β(v1, · · · , vp−1)|(x) =
∫ 1
0
α
(
Xt, (dφt)(v1), · · · , (dφt)(vk−1)
)
(φt(x))dt.
By the standard comparison theorem , we have
|dφt(v)| ≤ ct
for v ∈ TxM , |v| = 1 and 〈v,∇ρ〉 = 0, c is a uniform positive constant. One also can see [3, 6]. Hence
|β(v1, · · · , vp−1)|(x) ≤ c‖α‖L∞(M,g)|Xt|
∫ 1
0
tk−1dt ≤ c‖α‖L∞(M,g)ρ(x).
If (M, g) is a closed Riemannian manifold of non-positive curvature, then the sectional curvature on
the universal covering space (M˜, g˜) of (M, g) is also non-positive. We have
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Proposition 4.4. If (M, g) is a closed smooth Riemannian manifold of non-positive sectional curvature
and pi : (M˜, g˜) → (M, g) its universal covering. If α is a closed k-form on M , then the lifted k-form
α˜ := pi∗α is d(sublinear).
Gromov gave the definition of Ka¨hler hyperbolic in [15]. A closed complex manifold is called Ka¨hler
hyperbolic if it admits a Ka¨hler metric whose Ka¨hler form ω is d(bounded). After Gromovs work, Cao-
Xavier and Jost-Zuo gave the definition of Ka¨hler parabolic. A closed complex manifold is called Ka¨hler
parabolic if it admits a Ka¨hler metric whose Ka¨hler form ω is d(bounded). The following result is the
main theorem in [6, 15, 21].
Theorem 4.5. ([15, 6]) LetM be a complete 2n-dimensional Ka¨hler manifold with a d(sublinear) Ka¨hler
form ω. ThenHk(2)(M, g) 6= {0},when k 6= n, i.e.,
hk(2)(M) = 0, k 6= n.
Furthermore, if the Ka¨hler form ω is d(bounded), thenHk(2)(M, g) 6= {0},when k = n, i.e,
hk(2)(M) ≥ 1, k = n.
Hitchin [18] has proven that the L2 harmonic forms on a complete non-compact Ka¨hler parabolic
manifold lie in the middle dimension, that is, if the Ka¨hler form ω on a complete non-compact Ka¨hler
manifold is d(sublinear), then the only L2 harmonic forms lie in the middle dimension. We first reproduce
for the readers benefit the proof of the theorem of Jost-Zuo.
Theorem 4.6. ([21] and [18, Theorem 1]) LetM be a complete oriented Riemannian manifold and let α
be a d(sublinear) p-form i.e., there exists a (p− 1)-form β such that
|α(x)| ≤ c, |β(x)| ≤ c(ρ(x, x0) + 1).
Then for each L2-cohomology class [η] ∈ Hq(2)(M),
[α ∧ η] = 0 ∈ Hp+q(2) (M).
Proof. Let Br be the ball inM with centre x0 and radius r. Take a smooth function χr : M → R
+ with
0 ≤ χr(x) ≤ 1,
χr(x) =
{
1, x ∈ Br
0, x ∈M\B2r
and |dχr(x)| ≤ K/ρ for x ∈ B2r\Br. Such a function may be obtained by smoothing the function
f(ρ(x, x0)) where f(ρ) = 1 for ρ ≤ r, f(ρ) = 2− ρ/r for r ≤ ρ ≤ 2r and f(ρ) = 0 for ρ ≥ 2r.
The form d(χrβ ∧ η) has compact support, so d(χrβ ∧ η) ∈ Ω
p+q
(2) . We want to show that as r → ∞
these forms converge in L2 to α ∧ η. Consider
d(χrβ ∧ η) = dχr ∧ β ∧ η + χrα ∧ η. (4.1)
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As χr = 1 on Br, χrα∧ η converges pointwise to α∧ η. Moreover, |α(x)| ≤ c and η ∈ L
2, so α∧ η ∈ L2
and hence, since χr is bounded, χrα ∧ η → α ∧ η in L
2.
Now dχr vanishes on Br and outside B2r , and on the annulus in between we have the estimates
|dχr(x)| ≤ K/ρ(x, x0) and |β(x)| ≤ c(ρ(x, x0) + 1). Then∫
M
|dχr ∧ β ∧ η| ≤ const.
∫
B2r\Br
|η|2 ≤ const.
∫
M\Br
|η|2.
This converges to zero as r → ∞ since η ∈ L2. We thus have converges of both terms on the right-hand
side of (4.1) and consequently d(χrβ ∧ η) converges in L
2 to α ∧ η. Hence α ∧ η lies in the closure of
dΩp−1(2) ∩ Ω
p
(2) and its L
2-cohomology class vanishes.
Theorem 4.7. Let M2n be a closed symplectic parabolic manifold satisfies the hard Lefschetz property.
We denote by the universal covering pi : (M˜, g˜, J˜, ω˜) → (M, g, J, ω). Then all L2 harmonic p-forms on
(M˜, g˜, J˜, ω˜) for p 6= n vanish.
Proof. Since M is compact, ω is bounded and pi is a local isometry, ω˜ := pi∗(ω) = dη is a d(sublinear)
form on M˜ . For any p < n, ω˜n−p = d(η ∧ ω˜n−p−1) is also a d(sublinear) form on M˜ , since
|ω˜n−p| ≤ |ω˜|n−p ≤ c
and
|(η ∧ ω˜n−p−1)(x)| ≤ |η(x)| · |ω˜|n−p−1 ≤ c(ρ(x, x0) + 1).
From Theorem 4.6, the linear growth of η ∧ ω˜n−p−1 implies that the map Ln−p : Hp(2)(M)→ H
2n−p
(2) (M)
defined by L([η]) = [ωn−p ∧ η] is zero. By Theorem 1.2, it means that Hp(2)(M) = {0} for all p 6= n.
Hence the only non-zero harmonic forms occur when p = n.
Remark 4.8. By using methods of contact geometry, starting with a contact manifold (M,α) having an
exact symplectic filling (see [17] Definition 3.1), the authors construct a d(bounded) complete almost
Ka¨hler manifold Y satisfyingH1(2)(Y ) 6= 0. Therefore, the condition of hard Lefshetz property could not
remove under the method in the vanishing theorem 4.7.
Corollary 4.9. Let M2n be a closed symplectic manifold satisfies the hard Lefschetz property. If the
sectional curvature of M2n is non-positive, then the Euler characteristic of M satisfies the inequality
(−1)nχ(M2n) ≥ 0.
Proof. Let pi : M → M˜ be the universal covering map and ω the symplectic form on M . Since pi∗ω is
a bounded closed form on M , it follows from Proposition 4.4 that pi∗ω is d(sublinear). It follows from
Theorem 4.7 that the L2 cohomology of M is concentrated in the middle dimension. The Atiyah index
theorem for covers [2] then gives (−1)nχ(M2n) ≥ 0.
In [6], the authors shown that the property of d(sublinearity) has homotopy invariance.
L2-hard Lefschetz complete symplectic manifolds 15
Lemma 4.10. ([6, Lemma 3]) Let F : M1 → M2 be a smooth homotopy equivalence between two
compact Riemannian manifolds, pi : M˜i → Mi the universal covering maps for i = 1, 2. Then, for any
closed differential form α onM2, pi
∗(α) is d(sublinear) on M˜2 if the form (F ◦ pi)
∗(α) is d(sublinear) on
M˜1.
Theorem 4.11. Let M be a compact Riemannnian manifold of the non-positive sectional curvature. If
M2n is homeomorphic to a symplectic manifold satisfies the hard Lefschetz property, then the Euler char-
acteristic ofM satisfies the inequality (−1)nχ(M2n) ≥ 0.
Proof. Suppose that F : M2n1 → M
2n
2 is a homotopy equivalence from a compact Riemannian mani-
fold M2n1 of non-positive sectional curvature to a closed symplectic manifold M
2n
2 which satisfies hard
Lefschetz property. By an approximation argument if necessary, one may assume that F is a smooth map.
Let pi : (M˜i, g˜i) → (Mi, gi) be the universal covering map, ω the symplectic form on M2. Since
(F ◦pi)∗ω is a bounded closed form on M˜2n1 , it follows from Proposition 4.4 that (F ◦pi)
∗ω is d(sublinear).
By Lemma 4.10, the lifted symplectic form ω˜ on M˜2n2 is d(sublinear) as well. It follows from Theorem
4.7 that the L2 cohomology of M˜2n2 is concentrated in the middle dimension. The Atiyah index theorem
for covers [2] then gives (−1)nχ(M2n2 ) ≥ 0. Since χ(M
2n
1 ) = χ(M
2n
2 ), the conclusion follows.
Acknowledgements
We would like to thank Professor H.Y. Wang for drawing our attention to the symplectic parabolic mani-
fold and generously helpful suggestions about these. We would also like to thank the anonymous referee
for careful reading of my manuscript and helpful comments. This work is supported by Natural Science
Foundation of China No. 11801539 (Huang), No. 11701226 (Tan) and Natural Science Foundation of
Jiangsu Province BK20170519 (Tan).
References
[1] Angella, D. Tomassini, A., Symplectic manifolds and cohomological decomposition. J. Symplectic Geom. 12 (2014),
215–236.
[2] Atiyah, M., Elliptic operators, discrete groups and Von Neumann algebra. Aste´risque, 32–33 (1976), 43–47.
[3] Ballmann, W., Gromov, M., Schroeder, V.,Manifolds of non-positive curvature. Birkha¨user, Boston (1985)
[4] Brylinski, J. L., A differential complex for Poisson manifolds. J. Differ. Geom. 28 (1988), 93–114.
[5] Chern, S. S., On curvature and characteristic classes of a Riemannian manifold. Abh. Math. Sem. Univ. Hamburg, 20
(1955), 117–126.
[6] Cao, J. G., Xavier, F., Ka¨hler parabolicity and the Euler number of compact manifolds of non-positive sectional curva-
ture.Math. Ann. 319 (2001), 483–491.
[7] Carron, G., L2 harmonic forms on non-compact Riemannian manifolds. arXiv:0704.3194v1
[8] Carron, G., L2-cohomology of manifolds with flat ends. Geom. Funct. Anal. 13 (2003), 366–395.
16 Teng Huang and Qiang Tan
[9] Chen, B. L., Yang, X. K., Compact Ka¨hler manifolds homotopic to negatively curved Riemannian manifolds.Math. Ann.
370 (2018), 1477–1489.
[10] Dodziuk, J., De Rham-Hodge theory for L2-cohomology of infinite coverings. Topology. 16 (1977), 157–165.
[11] Dodziuk, J., L2 harmonic forms on complete manifolds. In: Yau, S. T. (ed.) Seminar on Differential Geometry, Princeton
University Press, Princeton. Ann. Math Studies, 102 (1982), 291–302.
[12] Ferna´ndez, K. M., Mun˜oz, V., Formality of Donaldson submanifolds.Math. Z. 250 (2005), 149–175.
[13] Ferna´ndez, K. M., Mun˜oz, V., Ugarte, L., Weakly Lefschetz symplectic manifolds. Tran. Amer. Math. Soc. 359 (2007),
1851–1873.
[14] Griffiths, P. Harris, J., Principles of Algebraic Geometry. John Wiley and Sons, New York, Toronto, 1978.
[15] Gromov, M., Ka¨hler hyperbolicity and L2-Hodge theory. J. Differential Geom. 33 (1991), 263–292.
[16] Guillemin, V., Symplectic Hodge Theory and the dδ-Lemma. Preprint, Massachusets Institute of Technology, 2001.
[17] Hind, R., Tomassini, A., On L2-cohomology of almost Hermitian manifolds. J. Symplectic Geom. 17 (2019), 1773–
1792.
[18] Hitchin, N., L2-Cohomology of Hyperka¨hler Quotients. Comm. Math. Phys. 211 (2000), 153–163.
[19] Huang, T., A note on Euler number of locally conformally Ka¨hler manifolds Math. Z. (2020), DOI: 10.1007/s00209-
020-02491-y
[20] Huybrechts, D. Complex geometry: an introduction. Springer Science and Business Media, (2006).
[21] Jost, J., Zuo, K., Vanishing theorems for L2-cohomology on infinite coverings of compact Ka¨hler manifolds and appli-
cations in algebraic geometry. Comm. Anal. Geom. 8 (2000), 1–30.
[22] Mathieu, O., Harmonic cohomology classes of symplectic manifolds. Comment. Math. Helv. 70 (1995), 1–9.
[23] Pansu, P., Introduction to L2-Betti number. Riemannian geometry (Waterloo, ON, 1993) 4 (1993), 53–86.
[24] Tan, Q., Wang, H. Y., Zhou, J. R. Symplectic parabolicity and L2 symplectic harmonic forms. Quart. J. Math. 70 (2019),
147–169.
[25] Tomassini, A., Wang, X. Some results on the hard Lefschetz condition. Internat. J. Math. 29 (2018), 30 pp.
[26] Tseng, L. S., Yau, S. T., Cohomology and Hodge theory on symplectic manifolds: I. J. Differ. Geom. 91 (2012), 383–416.
[27] Yan, D., Hodge structure on symplectic manifolds. Adv. Math. 120 (1996), 143–154.
